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Different characteristic of matter influencing the evolution of the Universe has been simu- 
lated by means of a nonlinear spinor field. Exploiting the spinor description of perfect fluid 
and dark energy evolution of the Universe given by an anisotropic Bianchi type-I (BI) or 
isotropic Friedmann-Robertson- Walker (FRW) one has been studied. 
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I. INTRODUCTION 



Detection and further experimental reconfirmation of current cosmic acceleration pose to cos- 
mology a fundamental task of identifying and revealing the cause of such phenomenon. In 
light of this cosmological models with spinor field being the source of gravitational field attracts 
widespread interest in recent time [1, 2, 3,, 4, 5,^,7, &, 9}. It was shown that a suitable choice of 
spinor field nonlinearity 

(i) accelerates the isotropization pr<Kess 

(ii) gives rise to a singularity-free UniverJ 

(iii) generates late time acceleration [5, 7l $ 
Question that naturally pops up isliuft] 



i 10 d can redraw the picture of evolution caused 
by perfect fluid and dark energy, is it possible to simulate perfect fluid and dark energy by means of 
a spinor field? Affirmative answer to this question was given in the a number of papers 110. 11. 121. 
In those papers the authors have shown that different types of perfect fluid and dark|eiKg^"cl]n 
be described by nonlinear spinor field. In [11] we used two types of nonlinearity, o ne (ppcil i s js 
a result of self-action and the other resultep from the interaction between the spinor and scalar 
field. It was shown that the case with induced nonlinearity is the partial one and can be derived 
from the case with self-action. In [121 we give the description of generalized Chaplygin gas 
and modified quintessence [131 in terms of spinor field and study the evolution of the Universe 
filled with nonlinear spinor field within the scope of a Bianchi type-I cosmological model. The 
purpose of this paper is to ex|ter|d that study within the scope of a isotropic and homogeneous FRW 
cosmological model. 



II. SIMULATION OF PERFECT FLUID WITH NONLINEAR SPINOR FIELD 



In this section we simulate different types of perfect fluid and dark energy by means of a 
nonlinear spinor field. 
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A. Spinor field Lagrangian 

Let us first write the spinor field Lagrangian [21: 



m\j/\j/ + F, 



(2.1) 



where the nonlinear term F describes the self-action of a spinor field and can be presented as 
some arbitrary functions of invariant generated from the real bilinear forms of a spinor field. For 
simplicity we consider the case when F = F(S) with S = iffy. Here is the covariant derivative 
of spinor field: 

dy _ d\jf 



(2.2) 



with being the spinor affine connection. Varying (|2.1I) with respect to y(Y) one finds the spinor 
field equations: 



dF 

iy^hy-^y+^y = o, 



_ 1 1 _ dF _ 
iV tl xj/f+m\j/-—\j/ 



0, 



(2.3a) 
(2.3b) 



Variation of (12.11 ) with respect to metric function gives energy-momentum tensor for the spinor 
field 



T£ = l -g pv ( WYfi Vv Y + YYv^^i Y-^^iYYvY- v v n Y J - ^L sp 



where L sp in account of spinor field equations (I2.3al) and (I2.3bl) takes the form 



U V = S% + F(S). 



(2.4) 



(2.5) 



We consider the case when the spinor field depends on t only. In this case for the components 
of energy-momentum tensor we find 



T U = mS-F, 



T} = Ti = T 3 3 



dF ^ 

S ls- K 



(2.6a) 
(2.6b) 



A detailed study of nonlinear spinor field was carried out in [2, 4, 61. In what follows, exploiting 
the equation of states we find the concrete form of F which dastfibK various types of perfect fluid 
and dark energy. 



B. perfect fluid with a barotropic equation of state 

First of all let us note that one of the simplest and popular model of the Universe is a homo- 
geneous and isotropic one filled with a perfect fluid with the energy density e = r o ° and pressure 
p = — Tj 1 = — T 2 2 = — T 3 3 obeying the barotropic equation of state 



p = We, 



(2.7) 
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where W is a constant. Depending on the value of W (12.71) describes perfect fluid from phantom 
to ekpyrotic matter, namely 



W 

w 
w 
w 
w 
w 
w 
w 



< 

> 1. 



o, 

1/3, 

(i/3, i; 
i, 

(-1/3, 
-1, 
-1, 



(dust), 
(radiation), 
(hard Universe), 
(stiff matter), 
(quintessence), 
(cosmological constant) 
(phantom matter) , 
(ekpyrotic matter). 



(2.8a) 
(2.8b) 
(2.8c) 
(2.8d) 
(2.8e) 
(2.8f) 
(2.8g) 
(2.8h) 



The barotropic mo del of perfect fluid is used to study the evolution of the Universe. Most re- 
cently the relation (12.71) is exploited to generate a quintessence in order to explain the accelerated 
expansion of the Universe [14, 151. 

In order to describe the putter given by (|2.8I) with a spinor field let us now substitute e and p 
with r ° and —T^, respectrmyLllhus, inserting e = r ° and p = —T^ from (I2.6al) and (|2.6bl) into 
dZTJ we find 

S^-(l+W)F + mWS = 0, (2.9) 



dS 



with the solution 



F = XS l+w + mS. 

Here A is an integration constant. Inserting (12.101) into (I2.6al) we find that 



-AS 



i+w 



(2.10) 



(2.11) 



Since energy density should be non-negative, we conclude that A is a negative constant, i.e., A = 
— v, with v being a positive constant. So finally we can write the components of the energy 
momentum tensor 



vS 



i+w 



-vWS 



i+w 



(2.12a) 
(2.12b) 



7? 



As one sees, the energy density £ = r o ° is always positive, while the pressure p - 
is positive for W > 0, i.e., for usual fluid and negative for W < 0, i.e. for dark energy 
In account of it the spinor field Lagrangian now reads 



vWS 



i+w 



vS 



i+w 



(2.13) 



Thus a massless spinor field with the Lagrangian (|2.13l) describes perfect fluid from phantom to 
ekpyrotic matter. Here the constant of integration v can be viewed as constant of self-coupling. A 
detailed analysis of this study was given in [10]. 



C. Chaplygin gas 

An alternative model for the dark energy density was used by Kamenshchik et al. [16], where 
the authors suggested the use of some perfect fluid but obeying "exotic" equation of jstajte. This 
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type of matter is known as Chaplygin gas. The fate of density perturbations in a Universe dom 
inated by the Chaplygin gas, which exhibit negative pressure was studied by Fabris et al. [171 
Model with Chaplygin gas was also studied in the Refs. IT 8 . 191 . 



Let us now generate a Chaplygin gas by means of a fpifjor 
described by a equation of state 

p = -A/ el 

Then in case of a massless spinor field for F one finds 



field. A Chaplygin gas is usual 



(-F)Ttf(-F) 



dS 

y 



with the solution 



-F=(A + A5 1+ ^) 1/(1+r) . 
On account of this for the components of energy momentum tensor we find 



Tg = (A + A5 1+ ^) 1/(1+r) , 

Tl = T? = T 3 3 = A/(A + XS l+ V) Y/{l+Y) . 

As was expected, we again get positive energy density and negative pressure. 
Thus the spinor field Lagrangian corresponding to a Chaplygin gas reads 



(2.14) 

(2.15) 

(2.16) 

(2.17a) 
(2.17b) 



(A + AS 1+ iy /(1+r) . 



(2.18) 



Setting 7 = 1 we find the result obtained in [111 . 



D. Modified quintessence 

Finally, we simulate modified quintessence with a nonlinear spinor field. It should be noted 
that one of the problems that face models with dark energy is that of eternal acceleration. In order 
to get rid of that problem quintessence with a modified equation of state was proposed which is 
given by [131 

P=-W(e-e a ), We (0,1), (2.19) 

Here critical energy density. Setting e cr = one obtains ordinary quintessence. It is well 

known that as the Universe expands the (dark) energy density decreases. As a result, being a linear 
negative function of energy density, the corresponding pressure begins to increase. In case of an 
ordinary quintessence the pressure is always negative, but for a modified quintessence as soon as 
£ q becomes less than the critical one, the pressure becomes positive. 

Inserting e = Tq and p = —T^ into (12.191) we find 



-ns 1 - w +ms+ w 



l-W 



-CI") 



(2.20) 



with r\ being a positive constant. On account of this for the components of energy momentum 
tensor we find 



7]S 
T]WS 



l-W 



W 



l-W 



l-W 
W 



l-W 



(2.21a) 
(2.21b) 



We see that a nonlinear spinor field with specific type of nonlinearity can substitute perfect 
fluid and dark energy, thus give rise to a variety of evolution scenario of the Universe. 
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III. COSMOLOGICAL MODELS WITH A SPINOR FIELD 



In the previous section we showed that the perfect fluid and the dark energy can be simulated 
by a nonlinear spinor field. In the section II the nonlinearity was the subject to self-action. In 
rill we have also considered the case when the nonlinearity was induced by a scalar field. It was 
.ils® shown the in our context the results for induced nonlinearity is some special cases those of 
; elf-interaction. Taking it into mind we study the evolution an Universe filled with a nonli near 
spinor field given by the Lagrangian (12.11) . with the nonlinear term F is given by (|2.10l) . (12.161) and 
(12301) . 



A. Bianchi type-I anisotropic cosmological model 

We consider the anisotropic Universe given by the Bianchi type-I (BI) space-time 

ds 2 = dt 2 — a 2 dx 2 — a\dy 2 — a 2 dz 2 , 
with cii being the functions of t only. The Einstein equations for BI metric read 



a 2 a 3 _|_ a 2 a 3 
Cl2 CI3 &2 a 3 

03 d\ dj d\ 

ay u\ #3 a,\ 
ti\ d\ d2 

a\ (12 a\ ci2 
d\ d2 d2 dj, dj d\ 

a\ (12 a,2 C13 CL3 ci\ 

where dot denotes differentiation by t. 

From the spinor field equation, it can be shown that [21 



Co 



1 ! 



kF 



2 ! 



kF 



3 ! 



kF 



! 



(3.1) 

(3.2a) 
(3.2b) 
(3.2c) 
(3.2d) 



(3.3) 



where we define 

T = V / -^ = Ol«2«3- 

For the components of the spinor field we obtain 



/vv Ci 2 ; r Q)At 



¥3 An 



C 3A -, 



J3>dt 



where @ = dF / dS. Solving the Einstein equation for the metric functions one finds [2] 



a; 



AT 1/3 exp^y 



I) 



with the constants Z), and Xj obeying 



3 3 

fjA = l, £Xi = 0. 

!=1 1=1 



(3.4) 



(3.5) 



(3.6) 



(3.7) 



6 



Bijan Saha 



Thus the components of the spinor field and metric functions are expressed in terms of x. From 
the Einstein equations one finds the equation for x [21 



x 3 

X 



In case of (12.131) on account of (13.31) Eq. (13.81) takes the form 

x={3/2)kvCI +w {1-W)t- w 

with the solution in quadrature 

dx 

t + t . 



'SkvCI+w^-w + Ci 
Here Ci and £q are the integration constants. 




(3.8) 



(3.9) 



(3.10) 



/ Phantom 
/ Matter 




1.5 t 



FIG. 1 : Evolution of the Universe filled with per- 
fect fluid. 



FIG. 2: Evolution of the Universe filled with 
dark energy. 



In the Figs. [Hand [2] we have plotted the evolution of the Universe defined by the nonlinear 
spinor field corresponding to perfect fluid and dark energy [121 . 

Let us consider the case when the spinor field is given by the Lagrangian (12.181) . The equation 
for x now reads 



f = (3/2) K 



with the solution 



(Ax l+ ? + XCI +Y ) 1/(1+r) +At 1+ V (At 1+ t + XC l Q +Y ) r/(1+r) 



(3.11) 



dx 



Ci+3KT(AT 1 +r + ACo r ) 



i+y\ i/(i+r) 



t + to, C\= const, to = const. 



(3.12) 
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Inserting y = 1 we come to the result obtained in [141 . 

Finally we consider the case with modified quintassence. In this case for x we find 

f = (3/2) K \r]C^ w ( 1 + Wyr - 2W£ cr T/( 1 - W) 

with the solution in quadrature 

dx 

t + tQ. 



3k[t]CI- w x 1 + w -We a x 2 /{\-W)] +d 



(3.13) 



(3.14) 



Here C\ and to are the integration constants. Comparing (13.141) with those with a negative A-term 
we see that e cr plays the role of a negative cosmological constant. 



Energy density 




t 40 




FIG. 3: Dynamics of energy density and pres- 
sure for a modified quintessence. 



FIG. 4: Evolution of the Universe filled with a 
modified quintessence. 



In the Fig. [3] we have illustrated the dynamics of energy density and pressure of a modified 
quintessence. In the Fig. [4] the evolution of the Universe defined by the nonlinear spinor field 
corresponding to a modified quintessence has been presented. As one sees, in the case considered, 
acceleration alternates with declaration. In this case the Universe can be either singular (that ends 
in Big Crunch) or regular. 



B. FRW cosmological models with a spinor field 

Let us now consider the homogeneous and isotropic FRW cosmological model with the metric 

(3.15) 



ds 2 = dt 2 -a 2 (dx 2 + dy 2 + dz 2 ). 
Corresponding Einstein equations read 



•2 

a a 

2 - + - 

a a L 

„d 2 



kT 



kT ( 



o • 



(3.16a) 
(3.16b) 
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From the spinor field equation in this case we find 

5=—^, Co = const. 
The components of the spinor field in this case take the form 



(3.17) 



(3.18) 



where 9 = dFjdS. 

In o rder to find the solution that satisfies both (13. 16al) and (I3.16bl) we rewrite (I3.16al) in view of 
(13. 1 6bb in the following form: 

A rr0 ^- (3.19) 



a = —\ 3T, — r ) a. 



Further we solve this equation for concrete choice of source field. 

Let u s consi der th e case of per fect fluid given by the barotropic equation of state. In account of 
(ETTZal) . (l2l2bl) and (13171) (137191) takes the form 



kv(1+3W)C' +w {2+3w) 
2 



that admits the first integral 



a 2 = ^vC^a-V+^+Eu Ei = const. 



In Fig. \5\ and [6] we plot the evolution of the FRW Universe for different values of W. 



(3.20) 



(3.21) 



Quintessence 



Dust / 
/ 

/ 

/ 

Radiation 




aft) 



Phantom Matter j 
/ 



I 



/ 



t 5 



0,2 0,4 0,6 0,i 



1 t 



FIG. 5: Evolution of the Universe filled with per- 
fect fluid and dark energy. 



FIG. 6: Evolution of the Universe filled with 
phantom matter. 



As one sees, equation (13.211) imposes no restriction on the value of W. But it is not the case, 
when one solves (I3.16bl) . Indeed, inserting r o ° from (I2.12al) into (I3.16bl) one finds 

a = (A l t + C l ) 2 ^ l+w \ (3.22) 
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where Ai = (1 + W)^J3kvCq +w /4 andCi = 3(1 +W)C/2 withCbeing some arbitrary constant. 

This solution identically satisfies the equation (I3.16al) . As o ne sees , case with W = — 1, cannot 
be realized here. In that case one has to solve the equation (I3.16bl) straight forward. As far as 
phantom matter (W < —1) is concerned, there occurs some restriction on the value of C, as in this 
case A i is negative and for the C\ to be positive, C should be negative. As one can easily verify, in 
case of cosmological constant with W = — 1 Eqn. (I3.16bl) gives 



a = a Q e k V™l %t . (3.23) 
Inserting (|2.17a|) and (|2.17b|) into (13.191) in case of Chaplygin gas we have the following equa- 



tion 



K 2Aa^-XC l +r 



a 2 (Aa^+V)+Xcl +y 



r/(i+r) ' 



(3.24) 



We solve this equation numerically. The corresponding solution has been illustr ated i n Fig. 

Fin ally we consider the case with modified quintessence. Inserting (12.2 1 ah and (12.21bl) into 
(13.191) in this case we find 



K 



{2>W-\)r\Cf w a 



l-W „3W-2 



2W 
l-W 



:£ cr a 



(3.25) 



with he solution 



d 2 



vCl' w a m -' 



W 



l-W 



£ CI a 2 +E 2 



E2 = const. 



(3.26) 



In Fig. |7] we plot the dynamics of energy density and pressure. The Fig. [8] shows the evolution of 
a FRW Universe filled with modified quintessence. 
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FIG. 7: Dynamics of energy density and pres- 
sure for a modified quintessence. 



FIG. 8: Evoiution of the FRW Universe filled 
with a modified quintessence. 



As one sees, in case of modified quintessence the pressure is sign alternating. As a result we 
have a cyclic mode of evolution. 
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IV. CONCLUSION 

Within the framework of cosmological gravitational field equivalence between the perfect fluid 
(and dark energy) and nonlinear spinor field has been established. It is shown that different types 
of dark energy can be simulated by means of a nonlinear spinor field. Using the new description 
of perfect fluid or dark energy evolution of the Universe has been studied within the scope of a BI 
and FRW models. 
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